Self-avoiding walks on the body-centered-cubic (BCC) and face-centered-cubic (FCC) lattices are enumerated up to lengths 28 and 24, respectively, using the length-doubling method. Analysis of the enumeration results yields values for the exponents γ and ν which are in agreement with, but less accurate than those obtained earlier from enumeration results on the simple cubic lattice. The nonuniversal growth constant and amplitudes are accurately determined, yielding for the BCC lattice µ = 6.530520 (20) 
I. INTRODUCTION
The enumeration of self-avoiding walks (SAWs) on regular lattices is a classical combinatorial problem in statistical physics, with a long history, see e.g. [1, 2] . Of the three-dimensional lattices, the simple cubic (SC) lattice has drawn the most effort, starting with a paper by Orr [3] from 1947, where the number of SAWs Z N was given for all N up to N max = 6; these results were obtained by hand. In 1959, Fisher and Sykes [4] used a computer to enumerate all SAWs up to N max = 9; Sykes and collaborators extended this to 11 terms in 1961 [5] , 16 terms in 1963 [6] , and 19 terms in 1972 [7] . In the following decade Guttmann [8] enumerated SAWs up to N max = 20 in 1987, and extended this by one step in 1989 [9] . In 1992, MacDonald et al. [10] reached N max = 23, and in 2000 MacDonald et al. [11] reached N max = 26. In 2007, a combination of the lace expansion and the two-step method allowed for the enumeration of SAWs up to N max = 30 steps [12] . Recently, the length-doubling method [13] was presented which allowed enumerations to be extended up to N max = 36. To date, this is the record series for the SC lattice.
The body-centered-cubic (BCC) and face-centered-cubic (FCC) lattices are in principle equally as physically relevant as the SC lattice, but enumeration is hampered by the larger lattice coordination numbers, which detriments most enumeration methods severely. It is also very slightly more cumbersome to write computer programs to perform enumerations for these lattices. Consequentially, the SC lattice has served as the test-bed problem for new enumeration algorithms, and the literature on enumerations for the BCC and FCC lattices is far more sparse. For the BCC lattice, Z N was determined up to N max = 15 in 1972 [7] , and to N max = 16 in 1989 [9] . The current record of N max = 21 was obtained in 1997 by Butera and Comi [14] as the N → 0 limit of the high temperature series for the susceptibility of the N -vector model. For the FCC lattice, enumerations up to N max = 12 were performed in 1967 [15] , and the record of N max = 14 was achieved way back in 1979 [16] .
Enumeration results derive their relevance from the ability to determine critical exponents, which, according to renormalization group theory, are believed to be shared between SAWs on various lattices and real-life polymers in solution [17] . Two such exponents are the entropic exponent γ and the size exponent ν. Given the number Z N of SAWs of all lengths up to N max and the sum P N of their squared end-to-end extensions, these two exponents can be extracted using the relations
In these expressions, the growth constant µ and the amplitudes A and D are non-universal (modeldependent) quantities, while the leading correction-to-scaling exponent is a universal quantity with arXiv:1703.09340v1 [cond-mat.stat-mech] 27 Mar 2017
value ∆ 1 = 0.528(8) [18] . Sub-leading corrections-to-scaling are absorbed into the O(1/N ) term. σ is a lattice specific constant to ensure that our amplitude "D" is the same as in earlier work. σ corrects for the fact that with our definition each step of the walk is of length √ 2 for the BCC lattice (leading to σ = 2), and of length √ 3 for the FCC lattice (leading to σ = 3). Note that for bipartite lattices, of which the SC and BCC lattices are examples, there is an additional alternating "antiferromagnetic" singularity, that is sub-leading but which still must be treated carefully as the oddeven oscillations tend to become amplified by series analysis techniques. Because of universality, the exponents are clearly more interesting from a physics perspective. However, accurate estimates for the growth constant and the amplitudes can also be very helpful for many kinds of computer simulations on lattice polymers.
In this paper, we used the length-doubling method [13] to measure Z N and P N up to N max = 28 and 24, on the BCC and FCC lattices, respectively. These lattices can be easily simulated as subsets of the SC lattice: the collection of sites in which x, y and z are either all even or all odd forms a BCC lattice, and the collection of sites (x, y, z) constrained to even values for x + y + z forms a FCC lattice. We then analysed these results to obtain estimates for the exponents γ and ν, the growth constant µ, and the amplitudes A and D. Our results for the two exponents γ and ν agree with the values reported in literature which are obtained on the SC lattice, reinforcing the credibility of the literature values. Our results for the growth constant µ and the amplitudes A and D for the BCC and FCC lattices are the most accurate ones to date.
The manuscript is organized as follows. First, in Sec. II we present a short outline of the lengthdoubling method, and present the enumeration data. In Sec. III we describe the analysis method we use, before summarising our results and giving a brief conclusion in Sec. IV.
II. LENGTH-DOUBLING METHOD
We first present an intuitive description of the length-doubling method; a more formal description can be found in [13] . In the length-doubling method, the number Z 2N of SAWs with a length of 2N steps, with the middle rooted in the origin, is obtained from the walks of length N , with one end rooted in the origin, and the number Z N (S) of times that a subset S of sites is visited by such a walk of length N . The lowest-order estimate for Z 2N is the number of combinations of two SAWs of length N , i.e. Z 2 N . This estimate is too large since it includes pairs of SAWs which overlap. The first correction to Z 2N is the lowest-order estimate for the number of pairs of overlapping SAWs, which can be obtained from the number Z N ({s}) of SAWs of length N which pass through a single site s. The first correction is then to subtract Z N ({s}) 2 , summed over all sites s. This first correction is too large, as it includes pairs of SAWs twice, if they intersect twice. The second correction corrects for this over-subtraction, by adding the number Z N ({s, t}) of SAWs that pass through the pair of sites {s, t}. Continuing this process with groups of three sites, etc., the number Z 2N of SAWs of length 2N can then be obtained by the length-doubling formula
where |S| denotes the number of sites in S. The usefulness of this formula lies in the fact that the numbers Z N (S) can be obtained relatively efficiently:
• Generate each SAW of length N .
• Generate for each SAW each of the 2 N subsets S of lattice sites, and increment the counter for each specific subset. Multiple counters for the same subset S must be avoided; this can be achieved by sorting the sites within each subset in an unambiguous way.
• Finally, compute the sum of the squares of these counters, with a positive and negative sign for subsets with an even and odd number of sites, respectively, as in Eq. (3).
As there are Z N walks of length N , each visiting 2 N subsets of sites, the computational complexity is O(2 N Z N ) ∼ (2µ) N times some polynomial in N which depends on implementation details. This compares favourably to generating all Z 2N ∼ µ 2N walks of length 2N , provided µ > 2. This is the case on the SC lattice, with µ = 4.684, and even more so for the BCC and FCC lattices, as we will show. The length-doubling method can also compute the squared end-to-end distance, summed over all SAW configurations; for details we refer to [13] . Details on the efficient implementation of this algorithm are presented in [19] . The direct results of the length-doubling method, applied to SAWs on the BCC and FCC lattices, are presented in Tables 1 and 2 
III. ANALYSIS
We now proceed to analyse our series in order to extract estimates for various parameters. In addition to the expressions for Z N and P N /Z N in Eqs (1) and (2), we also have
As discussed earlier, we expect the critical exponents γ and ν and the leading correction-to-scaling exponent ∆ 1 to be the same for self-avoiding walks on the SC, BCC, and FCC lattices. The amplitudes A and D are non-universal quantities, i.e. they are lattice dependent, while σ = 2 for the BCC lattice and σ = 3 for the FCC lattice. In the analysis below, we include a subscript to indicate the appropriate lattice. The BCC lattice is bipartite, which introduces an additional competing correction which has a factor of (−1) N , so causing odd-even oscillations. We reduce the influence of this additional sub-leading correction by separately treating the sequences for even and odd N . See [12] for more detailed discussion on this point for the asymptotic behaviour of Z N on the SC lattice, which is also bipartite.
We now describe the method of analysis we used, which involved two stages: extrapolation of the series via a recently introduced method involving differential approximants [20] , and then direct fitting of the extended series with the asymptotic forms in Eqs (1), (2) , and (4). We report our final estimates in Table V at the end of the section.
A. Extrapolation
Perhaps the most powerful general-purpose method for the analysis of series arising from lattice models in statistical mechanics is the method of differential approximants, described in [21] . The basic idea is to approximate the unknown generating function F by the solution of an ordinary differential equation with polynomial coefficients. In particular if we know r coefficients f 0 , f 1 , · · · , f r−1 of our generating function F , then we can determine polynomials Q i (z) and P (z) which satisfy the following Kth order differential equation order by order:
The function determined by the resulting differential equation is our approximant. The power of the method derives from the fact that such ordinary differential equations accommodate the kinds of critical behaviour that are typically seen for models of interest. Differential approximants are extremely effective at extracting information about critical exponents from the long series that have been obtained for two-dimensional lattice models, such as self-avoiding polygons [22] or walks on the square lattice [23] . However, differential approximants have been far less successful for the shorter series available for three-dimensional models such as SAWs on the simple cubic lattice [12, 13] . For short series, it seems that corrections-to-scaling due to confluent corrections are too strong at the orders that can be reached to be able to reliably determine critical exponents. (In fact, it is extremely easy to be misled by apparent convergence, while in fact estimates have not settled down to their asymptotic values.) The method that has proved most reliable is direct fitting of the asymptotic form [12] , which we describe in the next sub-section.
However, we can do better than the usual method of performing direct fits of the original series, and adopt a promising new approach recently invented by Guttmann [20] , which is a hybrid of the differential approximant and direct fitting techniques. The underlying idea is to exploit the fact that differential approximants can be used to extrapolate series with high accuracy even in circumstances when the resulting estimates for critical exponents are not particularly accurate, or even when the asymptotic behaviour is non-standard such as being of stretched exponential form. The extrapolations can be extremely useful in cases where corrections-to-scaling are large, as the few extra terms they provide may be the only evidence of a clear trend from the direct fits.
We have 28 exact terms for the BCC series, and 24 exact terms for the FCC series. We used second order inhomogeneous approximants to extrapolate the series for Z N , P N , and P N /Z N , where we allowed the multiplying polynomials to differ by degree at most 3. In each case we calculated trimmed mean values, eliminating the outlying top and bottom 10% of estimates, with the standard deviation of the remaining extrapolated coefficients providing a proxy for the confidence interval. Note that this is an assumption, and relies on the extrapolation procedure working well for our problem. In practice, this approach of inferring the confidence interval from the spread of estimates appears to be quite reliable in the cases for which it has been tested. We have also confirmed the reliability of the extrapolations by using the method to "predict" known coefficients from truncated series. We report our extended series in Tables III and IV.
B. Direct fits
We then fitted sequences of consecutive terms of the extrapolated series for Z N and P N /Z N to the asymptotic forms given in Eqs (1) and (2), respectively. We found that fits of P N /Z N were superior to fits of P N for estimates of ν and the parameter D, and hence we do not report fits of P N here.
To convert the fitting problem to a linear equation, we took the logarithm of the coefficients, which from Eqs (1) and (2) we expect to have the following asymptotic forms: We used the linear fitting routine "lm" in the statistical programming language R to perform the fits. In all of the fits, we biased the exponent ∆ 1 of the leading correction-to-scaling term, performing the fits for three different choices of ∆ 1 = 0.520, 0.528, 0.536 which correspond to the best Monte Carlo estimate of ∆ 1 = 0.528 (8) . We approximated the next-to-leading correction-to-scaling term with a term of order 1/N , which we expect to behave as an effective term which takes into account three competing corrections with exponents −2∆ 1 , −1, −∆ 2 ≈ −1. For log Z N , we fitted log A, log µ, γ, the amplitude a, and the amplitude of the 1/N effective term. For log(P N /Z N ), we fitted log D, ν, the amplitude b, and the amplitude of the 1/N term. For the BCC lattice, we minimised the impact of the odd-even oscillations by fitting even and odd subsequences separately. We included the extrapolated coefficients in our fits, repeating the calculation for the central estimates and for values which are one standard deviation above and below them.
This procedure gave us up to nine estimates for each sequence of coefficients (from the three choices of ∆ 1 , and the three choices of extrapolated coefficient values). For the central parameter estimates we used the case where ∆ 1 = 0.528 (the central value) in combination with the central value of the extrapolated coefficients. We also calculated the maximum and minimum parameter estimates over the remaining 8 cases.
For the BCC lattice, we found that 5 of the extrapolated coefficients gave a spread which was only moderately greater than the spread arising from varying ∆ 1 , effectively extending the series to 33 terms. For the FCC lattice, we found we could use 3 additional coefficients, extending the series to 27 terms.
For each of the parameter estimates, we plotted them against the expected relative magnitude of the first neglected correction-to-scaling term. This should result in approximately linear convergence as we approach the N → ∞ limit which corresponds to approaching the y-axis from the right in the following figures. In Eqs (6) and (7) we expect that the next term, which is not included in the fits, is of O(N −1−∆1 ); given that ∆ 1 ≈ 0.5, we take the neglected term to be O(N −3/2 ). The value of N that is used in the plot is the maximum value of N in the sequence of fitted coefficients, which we denote N max in the plots.
We plot our fitted values in Figures 1-8 . For ease of interpretation we converted estimates of log µ, log A, and log D to estimates of µ, A, and D. We note that the parameter estimates arising from the odd subsequence of the BCC series for Z N benefited dramatically from the extrapolated sequence. Examining estimates for γ in Fig. 1 , µ bcc in Fig. 3 , and A bcc in Fig. 5 we see in each case that the trend of the odd subsequence would be dramatically different were it not for the three additional odd terms in the extrapolated sequence. In other cases the additional coefficients are useful, and certainly make the trend for the estimates clearer, but are not as crucial.
Our final parameter estimates are plotted on the y-axes. 
IV. SUMMARY AND CONCLUSION
We give our estimates for γ and ν in Table V , where we also include estimates coming from the literature. We observe that our estimates are consistent with the literature values, but that the recent Monte Carlo estimates of γ and ν, using the pivot algorithm, are far more accurate than the estimates from series. The estimates coming from our enumerations on the BCC and FCC lattices are not quite as precise as the estimates coming from the SC lattice only, but the fact that they are coming from two independent sources, with different systematic errors, makes these new estimates more robust. In addition, our estimates of the non-universal quantities for the BCC lattice are A bcc = 1.1785(40), D bcc = 1.0864(50), and µ bcc = 6.530520 (20) , which should be compared with earlier estimates of 6.5304(13) [9] from 1989, and unbiased and biased estimates respectively of 6.53036(9) and 6.53048 (12) [14] from 1997. Our estimates of the non-universal quantities for the FCC lattice are A fcc = 1.1736 (24) , D fcc = 1.0460(50), and µ fcc = 10.037075 (20) , which should be compared with earlier estimates of 10.03655 [16] from 1979, and 10.0364(6) [8] from 1987 (where these estimates come from different analyses of the same N ≤ 14 term series).
In conclusion, the length-doubling algorithm has resulted in significant extensions of the BCC and FCC series. The application of a recently invented series analysis technique [20] , which combines series extrapolation from differential approximants with direct fitting of the extrapolated series, has given excellent estimates of the various critical parameters. In particular, estimates of the growth constants for the BCC and FCC lattices are far more accurate than the previous literature values. 
